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Abstract 

Let M be a complete n-dimensional Riemannian manifold, if the sobolev inqual- 
ities hold on M, then the geodesic ball has maximal volume growth; if the Ricci 
curvature of M is nonnegative, and one of the general Sobolev inequalities holds on 
M, then M is diffeomorphic to R n . 
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1. Introduction 

Let M be any complete n-dimensional (n > 2 ) Riemannian manifold with nonnegative 
Ricci curvature, Cq°(M) be the space of smooth functions with compact support in M. 
Denote by dv and V the Riemannian volume element and the gradient operator of M, 
respectively. 

It is well known in [1] that Ledoux showed that: If one of the following Sobolev 
inequalities is satisfied, 

(1) < Co||V/||„V/ e C °°(M), 1 < q < n> - = - - -. 

p q n 

where Co is the optimal constant in R n , denote ||/|| p by the LP norm of function /; then 
M is isometric to R n . 
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The basic idea of Ledoux's result is to find a function in C^°(M), then one can sub- 
stitute it to (1) and obtain that V(xq, r) > Vq(t), here V(xq, r) denote the volume of the 
geodesic ball B(xq,v) of radius r with center xq, and Vq(t) the volume of the Euclidean 
ball of radius r in R n . Since the Ricci curvature of M is nonnagtive , from Bishop's 
comparison theorem [2], we know that V(xq, r) < Vq(t), so M is isometric to R n . 

Later Xia combined Ledoux's method with Cheeger and Colding's result [3], which is 
that given an integer n > 2, there exists a constant S(n) > such that any n-dimensional 
complete Riemannian manifold with nonnegative Ricci curvature and V(xo, r) > (1 — 
S(n))V (r) for some x e M and all r > is diffeomorphic to R n ; and proved the following 
theorem [4]: 

Theorem 1.1 Let M be a complete n-dimensional Riemannian manifold with nonnegative 
Ricci curvature, if one of the following sobolev inequalities is satisfied, 

(2) ll/H, < CxHV/II^V/ e C °°(M), 1 < q < n, - = - - \. 

p q n 

where the positive constant C\ > C , then M is diffiomorphic to R n . 

As we known, the Sobolev inequality(2) belongs to a general Sobolev inequalities of the 
type 

(3) ll/l| t <C||/in|V/||;- 9 ,V/GC -(M), 1 7 = -+ 1 —^- 

(see [5]), where C is a positive constant. Inequality (2) corresponds to 6 = 0. When 
q = r = 2, and 6 = 2/(n + 2), it corresponds to the Nash inequality 

i+— — 

(4) {J\f\ 2dv ) ^ <c(f\f\d v y j \Vf\ 2 dv,\/feC™{M\ 

[ see(6)], where C is a positive constant. 

In [], Ledoux conjecture two problem: one is that if one of Nash inequalities is satisfied 
on M, then M is isometric to R n ; the other is that without any curvature assumption, if 
the Sobolev inequalities are satisfied on M, then the geodesic ball has maximal volume 
growth, namely lim V j??'^ > C, where positive constant C depends only on n and q. 
The first problem was proved by Druet, Hebey, and Vaugon(see []). In this paper, we 
want to confirm the other problem, that is 

Theorem 1.2 Let M be a complete n-dimensional Riemannian manifold, if the Sobolev 
inequalities (2) are satisfied on M, then the geodesic ball in M has maximal volume growth. 

We also generalize Theorem 1.1 to obtain the following result: 

Theorem 1.3 Let M be a complete n-dimensional Riemannian manifold with nonnegative 
Ricci curvature, if one of the general Sobolev inequalities (3) is satisfied on M, then M is 
diffeomorphic to R n . 
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2. Proof of Theorem 1.2 and 1.3 



Now we first prove Theorem 1.2. 

Proof: As we known, there always exists a cut-off function f m e C^°(M) such that / m = 
1 on B(x , 2 m r), f m = outside B(x , 2 m+1 r), | V/ m | < ^ on B(x , 2 m +V) \ B(x , 2 m r) 
for any real integer m. Substituting them to (1), we have that 

V(x ,2 m r)- P < ^Lv(x ,2 m+1 r) l « 

Thus set | = a, we get that 



' % a 



V(x ,r)>(—yV(x ,-) 

> (C^ry( 1+a ^ 1+2 ^V(x , 
> (C - 1 r) 9(1+a+a2) 2-^ 1+2a+3a2 V(xo, 

2^ 

k k 

qJ2 ai -qJ2( i+1 ) ai r fe+i 

> ■ ■ • > (C -V) « 2 <=o y( Xo , ^ TT ) afc+1 

> • • • > (C -V) *=° 2 i=o y(x , l) a (r > 2 fe+1 ) 
Let k — > +oo, r — > +oo, since a = | < 1, then we see that 



lim v u ' ' > Cn n 2 n ~- 



So we proved Theorem 1.2. 
Next we prove Theorem 1.3 

Proof: As proof of Theorem 1.2, there always exists a cut-off function / e C£°(M) such 
that / = 1 on B(x , r), f = outside S(x , fcr), | V/| < on S(x , fcr) \ B(x Q , r) for 

some k > 1. 

Substituting it to (1), we have that 

n* , 0* < CV(xo, fcr)f( 1 y- e V{x Q , fcr)^ 

(re — ljr 

^o, 0^ < ((fc _^ r)1 _^ (x , kr)°- +L r 
V(x Q , r)i < ((fe _i )r) i-^ n(§+¥) ^o, r)* + ¥ 

lg ((t-l)r)'-' V(3: °- r) - ' ' 



Ck<^ , ^ 
V(x ,r)>— ' 



ra re 2 9 i n 2 

^ S (l-9) + 9 



For fixed number and g, we can choose one k > (C"~w n ") *^ +? 1 such that 
^(^0? r ) > C'Vo(r) and C" < 1. Then there always exists a 5(n) > such that 
V(x , r ) > (1 — Thus from Cheeger and Colding's result, we see that M 

is diffeomorphic to R n 

If 9 = 0, the general Sobolev inequality change into the Sobolev inequality, thus we 
generalize Xia's result. If q — r — 2 and 9 = 2/ (n + 2), then the general Sobolev inequality 
become the Nash inequality, so we get the following corollary. 

Corollary 2.1 Let M be a complete n- dimensional Riemannian manifold with nonneg- 
ative Ricci curvature, if one of the Nash inequalities (4) is satisfied on M, then M is 
diffeomorphic to R n . 



References 

[1] M. Ledoux, On manifolds with nonnegative Ricci curvature and Sobolev inequalities, 
Comm. Anal. Geom. 7(1999), 347-353. 

[2] R. L. Bishop and R. J.Crittenden, Geometry of manifolds, Academic Press, New 
York, 1964. 

[3] J. Cheeger and T.Colding, On the structure of space with Ricci curvature bounded 
below I,J.Diff.Geom.46(1997):406-480. 

[4] C. Y. Xia, Complete manifolds with nonnegative Ricci curvature and almost best 
Sobolev constant. Illinois J. Math. 45(2001) 1253-1259. 

[5] D.Bakry,T.Coulhon,M. ledoux and L.Saloff-Coste, Sobolev inequalities in dis- 
guise,Indiana J.Math. 44(1995), 1033-1074. 

[6] E.B.Davies,Heat kernels and spectral theory, Cambridge Uni. Press, 1989. 

[7] R. Scheon and S.T.Yau, Lectures on differential geometry in Conderence Proceedings 
and Lecture Notes in Geometry and Topology, Vol 1, International Press publicati- 
ons, 1994. 

[8] W.X.Shi, Ricci flow and the uniformization on complete noncompact k'dhler mani- 
folds, J.Diff.Geom. 45(1997),94-220. 



4 



